It is shown that vielbeins and connections of any (super)space are naturally described in terms of nonlinear realizations of infinite -dimensional diffeomorphism groups of the corresponding (super)space. The method of construction of integral invariants from the invariant Cartan's differential Ω -forms is generalized to the case of superspace.
Introduction
As was shown in [1] , gravity can be realized as a nonlinear realization of the four dimensional diffeomorphism group. The consideration was based on the fact that infinite dimensional diffeomorphism group in four dimensional space can be represented as the closure of two finite dimensional groups -conformal and affine [2] . As a consequence of such representation of the diffeomorphism group, the basic field in this consideration was the symmetric tensor field of the second rank -the metric field g m,n , which corresponds to symmetric generators of the affine group.
The generalization of this approach to the case of superspace was given in [3] .
In the present work we consider nonlinear realization of the whole infinite dimensional diffeomorphism group of the arbitrary (super)space. Among the coordinates parametrizing the group element (coset space) in such realization there are present usual coordinates of the (super)space. The (super)vielbein and (super)connection are naturally represented as the functions of other coordinates of the coset space. The structure of the connection in the purely bosonic case is such that the corresponding torsion is zero. In the superspace only some components of the torsion, namely T a bc and T α βγ , vanish automatically. With the help of the representation (2.1) one can calculate the commutation relations between the generators of the diffeomorphism group and after that we can forget about the auxiliary coordinates s m . The only we will need is the following algebra:
Bosonic space
Let us consider the following parametrization of the group element:
All parameters in the expression (2.4) are symmetric with respect to the permutation of lower indices as a consequence of the symmetry properties of the generators (2.1). It is convenient to take the element of the finite dimensional group GL(D), generated by P n 1 n , as the last multiplier in the expression (2.4). The rest of the factors in (2.4) are ordered with respect to the dimensionality of the generators. As a consequence, the product of factors to the right from arbitrary one form a subgroup of the diffeomorphism group. Such structure of the group element simplifies the evaluation of the variations δφ l l 1 ,...,ln under the infinitesimal left action 
The only exception is the transformation law for φ n n 1 , which includes only ǫ, x m and φ n n 1
itself. At this stage it is natural to consider all parameters as the fields in D -dimensional space parametrized by coordinates x m .
Step by step one can evaluate the variations of all parameters of the coset. The general method of calculations is as follows. To find the variation δφ l l 1 ,...,ln we have to solve the equation
where, for the brevity, φ n = φ l l 1 ,...,ln P l 1 ,...,ln l and parameter ǫ contains the generators with n and more upper indices. Correspondingly,ǫ contains the generators with n + 1 or more upper indices. Both of these parameters contain P m n . From (2.13) it simply follows:
Both right and left part of this equation can be written in terms of multiple commutators
where, for simplicity, we use the notation
The equation (2.10) is the basic equation for δφ n andǫ. The simplest transformation law have the dimension-one coordinates x m . They transform as the coordinates of the D -dimensional space under the reparametrization:
Here ε m (x) is infinitesimal function of the coordinates x n . This is a consequence of first among the relations (2.13):
in which δx m is given by (2.12) and:
14)
The next parameters in the coset have three indices and transform as a Cristoffel symbol:
In general the transformation law for parameter with n lower indices will contain the term with n-th derivative of infinitesimal parameter ǫ m (x). Only variations of the last parameters φ n n 1 need the separate consideration. To find them one have to evaluate the expression
The simplest way to do this is to use the matrix representation for the generators of
In this representation the element of GL(D) group is the exponent of the matrix φ m n :
(e iφ n n 1
It is convenient to consider the matrix E l k instead of φ m n because its transformation law is very simple:
It means that the E l k transforms as the covariant vector with respect to its lower index. Simultaneously, its upper index is inert. This is the transformation law of the vielbein.
The fact that E l k is endeed the vielbein becomes evident if we consider the Cartan's differential form
which simultaneously with its components (Ω a , Ω a b , ...) is invariant with respect to the left transformation (2.5). We emphasize the fact of invariance by using the letters from the beginning of the alphabet for indices. The explicit expressions for the components of the Ω -form are:
The first of this forms is exactly one-form vielbein. The physical meaning of its index a becomes clear if we consider the right gauge transformation belonging to GL(D)
Vielbein one -form E a ≡ Ω a transforms as the vector
of this GL(D), which can be considered as the gauge group in the tangent space. All Ω -forms with higher number of indices transform homogeneously as corresponding tensors. The only exception is the differential one-form (2.22) which transforms inhomogeneously:
This is exactly the transformation law of the connection one-form and Ω a b is the natural candidate for the connection in the absence of any other tensors of second rank, which could be, in principle, added to the connection. So, the "minimal" one-form connection is given by (2.22 transforms as a tensor of second rank. Due to its definition, the Ω -form satisfy the Maurer-Cartan equation
or, in components
The lefthand side of first of these equations (2.29) is the covariant differential of the vielbein with the connection Ω a b . The fact of its equality to zero means vanishing of the corresponding torsion. Second equation represents the curvature two-form (2.27) in terms of vielbein and Ω-form with three indices
The rest of equations express covariant differentials of Ω-forms in terms of other Ω-forms. The following expression for the action
leads to Einstein -Gilbert action 1, 1, . .., 1, −1) means that the invariance group of the action (2.33) is the subgroup of GL(D), namely, the group SO (D − 1, 1) . So, the choice of the gauge group in the tangent space depends on the structure constants in the action, which can break GL(D) down to its subgroup. 
Superspace
The generators of the algebra
have the following dimensionalities:
Some of the generators are bosonic and others (with halfinteger dimensionality) -fermionic with grassmann grading 0 or 1 correspondingly. The same grading 0 or 1 corresponds to bosonic m or fermionic µ indices. The algebra of the generators (3.1) is graded algebra:
It is convenient to parametrize the group element in the form
where
The Consider the element of the diffeomorphism algebra
The transformation laws of the components of the supervielbein are as follows:
In analogy with (2.18) we denote E 
Differential Ω -forms in the superspace
Along with grading of the coordinates x M , their differentials dx M have their own grading. There exist two different gradings of the differentials of the coordinates. One of them corresponds to the independent grassmann grading and grading of the differential d [4] . It leads to the following commutation relations:
More simple commutation relations take place when grading of the differential d coincides with grassmann grading [5] . It means that the differential changes the grading of the coordinates to the opposite one:
As a result there are equal numbers D+D G of bosonic (x m , dθ µ ) and grassmann (dx m , θ µ ) variables.
The left -invariant differential Ω -form
belongs to the algebra of the superdiffeomorphism group . We emphasize this fact by using the letters from the beginning of the alphabet for indices. We will use latin letters a, b, c, ... for bosonic and greek letters α, β, γ, ... for grassmann indices. Note, that according to the grading rule (4.2) Ω a and Ω α are, correspondingly, anticommuting and commuting objects.
Explicit expressions for components of Ω A are:
The expresions (4.5) and (4.6) represent the one -form supervielbein
From (3.11)-(3.14) it follows
The components of the inverse supervielbein are (4.9)
where E a m and E α µ are inverse matrices to E m a and E µ α correspondingly. Straightforward computation shows very simple form of the superdeterminant BerE
One can show that arbitrary nonsingular graded matrix E A M can be parametrized in the form (4.7) for which (4.10) is valid. So, in some sense such parametrization of graded matrices is natural.
Due to its definition (4.3) Ω -form satisfy the Maurer -Cartan equation
Two first components of this equation are as follows:
Under the right gauge transformations from the group GL(D) × GL(D G ):
and Ω α β transform as corresponding connections:
(4.16)
Taking them as a "minimal" connectiions, the equation (4.12) expresses the covariant differentials of Ω a and Ω α : 
Integral invariants in the superspace
Having constructed invariant differential Ω -forms we have to be able to build from them the integral invariants like action. The problem lies in the fact that there are two types of differentials of grassmann coordinates. We will denote them dθ µ and dθ µ . First of these differentials are used in invariant differential Ω -forms. Unlike dx m , which are anticommuting objects, dθ µ commute and one can construct from the Ω -forms the differential form of arbitrary order. Contrarily, so called Berezin pseudodifferentials dθ µ anticommute. One can take integrals over the superspace
with the help of Berezin integration rules
If the function F (x, θ) in (5.1) transforms as
the integral I is reparametrization invariant.
The following prescription for building of integral invariants from invariant differential forms was formulated by Bernstein and Leites [6] . Taking arbitrary invariant differential form F (x, θ, dx, dθ) one can introduce new auxiliary variables η m and y µ in one to one correspondence to dx m and dθ µ .These new variables η M have the same grassmann properties as dx m and dθ µ (opposite to ones of x m and θ µ ) and the following transformation laws
The transformation (5.5)-(5.6) has very important property. Its superdeterminant (superJacobian)
is inverse to the superJacobian for the transformation of the "old" coordinates x M . This fact is based on the following property: the superdeterminant of the graded matrix is inverse to the superdeterminant of the same matrix with opposite grading. It means the invariance of the product
with respect to the general coordinate reparametrization in the superspace. In turn this fact leads to the invariance of the following integral I = dV F (x, θ, η, y).
If the integral over η and y exists, the result of such integration
will be invariant as well.
It is convenient at this stage to introduce additional set of auxiliary variables C A , transforming as the vector of the GL(D, D G ) and having the grassmann grading g(C a ) = 1, g(C α = 0). With the help of this ghosts it is easy to construct invariants in a covariant manner under SL(D, D G ). The additional volume element dC = dC D dC D G does not transforms due to condition Berh = 1 for h belonging to SL(D, D G ).
The simplest invariant has the form
As was shown in [7] the result of integration over η M and C A in (5.10) is proportional to the superdeterminant of the E M
The wide class of invariants can be obtained from the expressions of the form
where F (Ω, C) is an arbitrary function of C A and Cartan's Ω -forms, in which differentials of coordinates dx M are changed to η M . Due to completeness of the one-form vielbein, the function F (Ω, C) can be represented as the series in powers of vielbein and (x, θ) . Thus, the evaluation of the integral (5.12) reduces to the evaluation of the basic integrals
One can show that such integrals are zero when numbers n and k are different. The nonzero answers for two simplest cases are
The general expression for the basic integrals (5.14) can be evaluated from the relation The question of finding the integral invariant of such type in the superspace for the action of supergravity, like (2.33) for gravity, is open. If such action does exist, it contains among the structure constants the Dirac gamma matrices, γ a αβ , which break the tangent space gauge group GL(D) × GL(D G ) down to its subgroup (SL(2) in the case of four dimensions) and establish the connection between bosonic and fermionic dimensionalities D and D G .
Conclusions
We have considered the nonlinear realizations of infinite -dimensional diffeomorphism groups of any (super)space. The parameters of coset space in a very natural manner include the coordinates, vielbeins and connections of the corresponding (super)space. The geometrical and physical meaning of higher parameters u Such an invariant differential Ω -forms can be considered as building blocks for construction of integral invariants like action. In purely bosonic space (2.33) gives the expression for the gravity action. In the case of superspase the method of constructing integral invariants is described in the Chapter 5. The existing of the action for supergravity of such type is an open question.
